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The structure factor of compressed liquid deuterium has been measured, using time-of-flight neutron dif-
fraction, in five thermodynamic states close to the melting line. The pressure and temperature ranges were
selected in the intervalsp548.5–467 bar andT520.7–29.0 K, respectively. The highest liquid density is
close to that of the solid phase at the triple point.@S1063-651X~96!08609-6#

PACS number~s!: 61.25.Em, 61.12.Ld

I. INTRODUCTION

The understanding of liquid state microscopic properties
is one of the major tasks that are still open in the study of
condensed matter. As the thermodynamic conditions are
changed simple molecular liquids exhibit instabilities that
lead to the well-known phase transitions. One is a second
order transition to the vapor state, the other is a first order
transition to the crystal phase. Of the two, the transition to
the vapor state has been the object of an intense theoretical
and experimental investigation, but the melting transition has
received considerably less attention. The rapid variation of
the one-particle density, which is uniform in the liquid and in
the vapor phases, and becomes highly structured in the solid
phase, causes formal difficulties in the application of the cur-
rent theories to such a phase transition.

Among the various theoretical methods that can be ap-
plied to the study of the melting transition, the density-
functional approach appears to be powerful enough to allow
quantitative predictions and simple enough to maintain the
qualitative picture. The input requested by this theory is a
detailed knowledge of the microscopic structure and of the
thermodynamic functions of the homogeneous~liquid! phase
@1#. In this framework, model systems can play a very effec-
tive role. In fact, the freezing parameters of a classical hard-
sphere fluid, obtained from density-functional theory, agree
with the simulation results to within a few percent@2,3#.

An interesting issue is the extension of the theoretical
methods to quantum systems and the understanding of the
physical nature of the freezing transition in quantum liquids.
The reformulation by Haymet and Oxtoby@4# of the original
Ramakrishnan and Yussouff approach@5#, in terms of the
density-functional theory, has been recently extended to
quantum systems and applied to the freezing of a Lennard-
Jones model of4He at finite temperature@6#. A different
version of the method, namely, the modified weighted-
density approximation@7–9# has also been extended to quan-
tum systems and applied to the freezing of a Bose liquid of
hard spheres at zero temperature@10#. Again, the necessary
input of the theory is the structural and thermodynamic in-
formation on the corresponding quantum liquid.

There are, however, two fundamental issues to be dealt
with before these theories can be fully accepted. One is re-
lated to the role of the attractive forces in the intermolecular
interactions and the other is a detailed knowledge of the ex-
tent to which these methods can be extended to the domain
of real quantum systems. Since the attractive part of the in-
teratomic potential of helium is quite small, the hydrogen
isotopes come immediately to mind as meaningful test cases.
Another interesting feature of liquid hydrogens is their large
compressibility. In fact, for these liquids, it is possible to
span a density range of about a factor of 2~e.g., on the 31-K
isotherm of 1H2! between the liquid-vapor coexistence line
and the liquid-solid transition. However, not much has been
learned about the microscopic structure of liquid hydrogen
from either x-ray or neutron diffraction experiments@11#,
while only recently reliable measurements ofS(Q) have
been obtained for gaseous@12# and liquid@13,14# deuterium.

One reason for the scarcity of neutron diffraction data of
liquid hydrogen is the role played by the so-called inelastic-
ity effects. Basically, these result from the recoil of the target
nucleus in the scattering event. The inelasticity effects are
larger for systems composed of light molecules and, there-
fore, the correction procedure first introduced by Placzek
@15# cannot be applied to systems whose molecular mass is
comparable with that of the neutron. The way the inelastic
scattering affects the diffraction pattern, and how the experi-
mental data can be corrected for it, has been the object of
much work@16#. Such corrections are obviously more diffi-
cult in molecular systems than in monatomic.

Besides the inelastic correction problem, neutron diffrac-
tion experiments on liquid hydrogen remain extremely diffi-
cult, due to the unfavorable ratio of the coherent~internucle-
ar! to the incoherent~self! neutron scattering cross sections.
The situation is much better for deuterium, whose nuclear
coherent cross section is larger than the incoherent one.
Moreover, the effects of the inelasticity corrections are
smaller due to the higher mass ratio of this nuclide with
respect to the neutron. Therefore, deuterium becomes an
ideal candidate for neutron diffraction studies of quantum
liquids.

Recently, diffraction experiments in fluid deuterium have
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been performed in the critical region@12# and in the vicinity
of the triple point@13,14#. The experimental results in the
gas phase have been compared with quantum path integral
Monte Carlo~PIMC! simulations of a Lennard-Jones system
@17#. Refined experimental data in the liquid phase have
shown a remarkable agreement with PIMC simulations using
a more accurate potential@18#.

As we have already mentioned, the experimental determi-
nation of the microscopic structural information in the vicin-
ity of the melting line is of great importance for establishing
a theoretical framework for the freezing transition. There-
fore, in order to extend the available structural data of liquid
deuterium to higher pressures, we have performed a diffrac-
tion experiment in the compressed liquid phase. We decided
to span the thermodynamic region of liquid deuterium in the
vicinity of the liquid-solid coexistence line within a range of
pressures between 50 and 500 bars, and in a temperature
interval between 20.7 and 29.0 K. Due to the high compress-
ibility of deuterium, a density variation of about 10% can be
obtained in the liquid reaching, at the highest pressure, a
density very close to that of the solid at the triple point. The
corresponding molecular number density range is between
26.47 and 29.03 nm23. For the sake of comparison, at the
triple point, the density of the liquid is 25.99 nm23 and that
of the solid is 29.39 nm23.

This paper reports on the precise experimental determina-
tion of the static structure factor of liquid deuterium in a
large pressure range and in the region of the liquid phase
close to the melting phase transition. In Sec. II we describe
the experimental details, while in Sec. III we give a general
description of the data analysis. The determination of the
intermolecular structure factor and its variation with the ther-
modynamic conditions will be the subject of Sec. IV. Section
V will be devoted to the discussion of the results.

II. EXPERIMENTAL DETAILS

The experiment has been performed on the Small Angle
Neutron Diffractometer for Amorphous and Liquid Samples
~SANDALS! at the spallation neutron source ISIS of the Ru-
therford Appleton Laboratory~UK!. The measurements were
carried out along similar lines as in the previous~low pres-
sure! experiment on liquid deuterium, which is described in
Ref. @13#. However, some of the details are different and will
be described more thoroughly.

Because of the larger pressure range involved in the
present experiment, a stronger vanadium container was
manufactured. This was obtained from a vanadium tube
~10-mm internal diameter, 79-mm height, and 2-mm wall
thickness! welded on either side of a copper cap. The con-
tainer was mounted on the cold finger of a temperature-
controlled helium closed-cycle refrigerator. Two calibrated
Rh-Fe resistance thermometers were fitted in holes located in
the top and bottom caps, and a welded 1/16 in. steel tube
~SS316! connected the interior of the container with the ex-
ternal gas handling system. The overall design of the scatter-
ing cell is reported in Fig. 1. Due to the low thermal conduc-
tivity of vanadium, a copper bypass was inserted, out of the
neutron path, between the two end flanges of the container.
The pressure was measured by means of a calibrated gauge
transducer and the density was derived by means of the equa-

tion of state given by Prydz@19#. This gives the density in
the liquid phase with an overall accuracy of 0.3% below 100
atm. No estimation of accuracy is reported for higher pres-
sures, but no other thermodynamic data are available. There-
fore, we have used the Prydz equation of state in the whole
range of pressures investigated. The thermodynamic coordi-
nates of the five points where we have carried out the experi-
ment are given in Table I. In the following, we will refer to
the various thermodynamic states by means of the labels
reported in the first column of Table I. Figure 2 shows the
thermodynamic coordinates of the present and previous neu-
tron diffraction experiments in deuterium.

For each thermodynamic point four independent subruns
~equivalent to an integrated proton current of ISIS of 400
mA h each! were executed in order to check the stability of
both the sample and the experimental setup. In addition, an
empty-container run of similar total length was carried out at
the beginning and at the end of the experiment, in order to
check the long-term stability of the counting electronics and
of the instrumental background. The instrumental and
sample stabilities were found to be very good and compared
well with the previous experiment on liquid deuterium~see
Fig. 3 of Ref. @13#!. The empty-container run~vanadium!
was also used for calibration purposes and, to this aim, a
background run was carried out with the vanadium container

FIG. 1. Schematic drawing of the scattering cell. 1: temperature
sensor holes; 2: 1/16 in. SS316 pipe for gas filling; 3: top and
bottom copper caps; 4: vanadium tube~inside diameter 10 mm, wall
thickness 2 mm!; 5: threaded hole for holding the sample; 6: copper
bypass. The circle in the middle of the figure represents the cross
section of the neutron beam.
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moved out of the neutron beam.
The time-of-flight ~TOF! diffraction patterns were re-

corded by ten independent detector banks, placed at the scat-
tering anglesu521.10°, 18.09°, 16.23°, 14.61°, 13.08°,
11.79°, 9.23°, 6.75°, 5.02°, and 3.87°. The range of incident
neutron energies used was between 0.5 and 4 eV.

III. DATA ANALYSIS

The usual corrections for background and container scat-
tering, self-shielding, absorption, and multiple scattering
were taken into account by means of the standard routine
packageATLAS @20#. For each scattering angle, the final scat-
tering cross section~per molecule! was normalized to abso-
lute units by using the empty can, which is made of pure
vanadium, as a reference system. In this way, any possible
error in positioning the reference vanadium sample was
avoided.

The problem of dealing with the inelasticity corrections
has been already analyzed in Ref.@13#, and the same conclu-
sions apply to the present experiment. Simple calculations,
based on a monatomic ideal gas model, can be carried out in
order to evaluate the magnitude of the inelasticity correc-
tions, which should be applied to the TOF spectra of deute-
rium. The results appear quite sensitive both to the mass of
the monatomic model~either 2 or 4! and to the value of the
scattering angle. If the scattering angles are kept below 20°,
the effect of the corrections can be summarized as follows.
In theQ region beyond 30–40 nm21 the correction term is
almost constant, while in the limitQ→0 it diverges. Corre-
spondingly, in the low-Q limit of the experimental spectra,
one observes a clear, unphysical, rise of the diffraction in-
tensity. In the intermediate region,Q510–30 nm21 some
structure appears, which is induced by the energy spectrum
of the incident neutrons, but in any case it remains below 1%
with respect to the constant background correction~cf. Fig. 2
of Ref. @13#!. Since the overall accuracy of our diffraction
data was estimated to be of the order of 1%, we have decided
to neglect the inelasticity corrections, at this stage, and com-

bine them into the background subtraction that is described
in the following paragraphs.

By assuming that the diatomic molecule of deuterium can
be described by a rigid rotor model, the differential scatter-
ing cross section is@14,21#

ds/dV5u~Q!@S~Q!21#1n~Q!, ~1!

whereQ is the momentum transfer and the functionsu(Q)
andn(Q) are the molecular form factors.S(Q) is the static
structure factor of the molecular centers of mass. The func-
tions u(Q) and n(Q) are interpreted, respectively, as the
intermolecular and intramolecular neutron cross sections.
Equation~1! neglects orientational correlations, which is a
reasonable assumption for D2 in the present conditions@22#.
Within the rigid rotor model, the expressions for the molecu-
lar form factorsu(Q) andn(Q) have a very simple analyti-
cal form @21#:

u~Q!54acoh
2 @sin~b!/b#2, ~2!

and

n~Q!52~acoh
2 1ainc

2 !12acoh
2 sin~2b!/~2b!, ~3!

whereb5Qd/2. Hered is the ~fixed! distance between the
two nuclei andacoh and ainc are the bound-atom scattering
amplitudes for the deuterium nuclide.

As the neutron energy of a conventional thermal source is
usually lower than the vibrational gap, the rigid rotor ap-
proximation would appear appropriate in this case. However,
pulsed sources produce neutrons whose energy distribution
easily exceeds many eV. As the energy of the vibrational

FIG. 2. A mapping of the thermodynamic coordinates where
neutron scattering diffraction experiments have been performed on
deuterium. The full lines are the isotherms at 20, 25, 30, 35, 40, and
45 K. The bold lines are the coexistence~liquid-vapor! and melting
curves. The dashed line is the critical isotherm atT538.34 K. The
black dots refer to the present experiment. The triangles and the
circles are the results of Refs.@13# and @14#. The squares are rela-
tive to Ref.@12#.

TABLE I. The thermodynamic parameters of the experiment.
The equation of state and the compressibilities are obtained from
Ref. @19#. The thermodynamic conditions of the triple point~TP!
are also reported for convenience.

Label T/Ka p/barb n/nm23 S(0)

1 20.7 48.5 26.4760.05 0.0606
2 22.0 136 27.6760.05 0.0445
3 24.0 208 28.0260.04 0.0374
4 26.0 330 28.6760.04 0.0299
5 29.0 467 29.0360.03 0.0269
TP 18.71 0.171 25.99c

18.71 0.171 29.39d

aThe estimated uncertainty in the temperature isDT50.5 K.
bThe average fluctuation of the measured pressure was belowDP
50.1 bar, however we estimated an uncertaintyDP51 bar in the
absolute reading.
cDensity of the liquid phase.
dDensity of the solid phase.
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transition of the deuterium molecule is 0.386 eV, it appears
that the rigid rotor model may become inadequate. There-
fore, this simple model has been generalized in order to take
into account the vibrational motion of the molecule. The new
expressions for the intermolecular and intramolecular cross
sections of deuterium,u(Q) andn(Q), have been obtained
for a freely rotating harmonic oscillator model@23#. The re-
sult of the theoretical calculation is given as a sequence of
functions that approximate the true behavior. To the lowest-
order approximation the solutions are

u~0!~Q!54acoh
2 @exp~2a2/2!sin~b!/b#2 ~4!

and

n~0!~Q!52~acoh
2 1ainc

2 !12acoh
2 @exp~22a2!sin~2b!/~2b!#,

~5!

where nowb5Qde/2 anda5Q(\/2Mvv)
1/2. HereM , vv ,

andde are the molecular mass, the angular frequency of the
molecular vibrational transition, and theequilibriumdistance
of the two nuclei, respectively. In Eq.~5!, the coefficient of
the oscillating term holds for a normal ortho-para composi-
tion and its theoretical value is 0.891 barn. For pure ortho-
deuterium this coefficient changes to 0.972. It is immediately
recognized that Eqs.~4! and ~5! represent the familiar rigid
rotor solution modulated by a Debye-Waller factor. The se-
quence is shown to converge after a few iterations and it is
found that the limit functions can be well approximated by
Eqs. ~4! and ~5! provided that the molecular parameters are
slightly changed with respect to their true values@23#.

It could be discussed whether the simple harmonic oscil-
lator model is sufficient, or a more sophisticated anharmonic
model should be introduced, for describing the vibrational
motion of the deuterium molecule. Of course, it is not easy to
give an answer without carrying out the actual calculation.
However, the fact that the exact solution of the harmonic
model can be well represented by its zeroth order functional
form by just changing very little the molecular parameters
gives a positive indication on the subject. At any rate, we
will assume that the present model holds until the precision
of the experimental data provides evidence to the contrary.
At present, as will be discussed in the following, no such
evidence exists.

In order to derive the intermolecular structure factor, the
intramolecular scattering has to be subtracted from the mea-
sured spectrum and a deconvolution from the molecular form
factor must be carried out. However, as noted previously
@13#, this is a very delicate procedure, which implies the
subtraction of some residual systematic error, including the
inelasticity effects, possibly affecting the data after the stan-
dard correction procedure. Accordingly, for every scattering
angle, and for each thermodynamic point, we have fitted the
region Q.80 nm21 ~which is determined by the self-
molecular term only!, with a function

n~0!~Q!5A1BQ1CQ2

1D@exp~22lDW
2 Q2!sin~Qde!/~Qde!#, ~6!

where the parametersA, B, C, andD were left free and the
molecular parameterslDW andde were allowed to change in
a limited interval~less than 1%! around their expected effec-

tive valueslDW
2 51.356631025 nm2 and de50.074104 nm

@23#. Therefore, the constant portion of the inelasticity cor-
rections is included in the determination of the constant fac-
tor A. It turns out that the average value ofA is 1.217 b sr21

per molecule against a theoretical value of 1.214 for the in-
coherent scattering of the two deuterium nuclei. The param-
etersB and C, accounting for a possible curvature of the
background level that is likely produced by a poor screening
of the instrument for the fast neutrons, are 3 and 6 orders of
magnitude smaller ~B'1023 b sr21 nm and C'1026

b sr21 nm2, per molecule, respectively!. Thus, we find an al-
most insignificant deviation from a constant background
level. This is mainly determined by the nuclear incoherent
cross section and is only little affected by the inelasticity
term ~also constant!.

IV. THE DERIVATION OF THE INTERMOLECULAR
STRUCTURE FACTOR

For each thermodynamic point, we had ten different spec-
tra, one for each detector bank. In turn, on every spectrum,
the intramolecular contribution was determined by the fitting
procedure outlined above. By subtracting this contribution
from the measured cross section we obtained the intermo-
lecular part, which corresponds to the first term of Eq.~1!.
Figure 3 shows, as an example, the separation of the various
components relative to the first spectrum of the first run.
Since no inelastic scattering correction was operated on the
raw data~only the constant background contribution was in-
cluded in the fitting procedure! we have analyzed the data for
possible evidence of a trend in the parameterA @cf. Eq. ~6!#
as a function of the scattering angle. However, no such evi-
dence was found.

By comparing the various intermolecular contributions a

FIG. 3. Separation of the various contributions in the scattering
cross section. The figure refers to the first spectrum~u521.10°! of
the first run. The points are the experimental data, and the full line
through the points is the fitted intramolecular contribution. The full
line on the bottom of the figure is the intermolecular term~the
product of the structure factor and of the molecular form factor!.
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general picture emerges. Spectra 1–7~u521.10°, 18.09°,
16.23°, 14.61°, 13.08°, 11.79°, 9.23°! are in quite good
agreement among themselves, and do not show any particu-
lar systematic trend. Conversely, the three lowest-angle spec-
tra ~u56.75°, 5.02°, and 3.87°! are not consistent with the

others, nor among themselves. We attributed this behavior to
the presence of asample dependent background, which
is more evident for the lower-angle banks, which happen to
be closer to the neutron beam pipe@24#. In the following we
will report only on the analysis of data carried out on the first
seven spectra. Thus, as no evident trend was discovered as a
function of the scattering angle, each spectrum was treated as
an independent experimental determination of the intermo-
lecular term. However, the differences found were greater
than the combined statistical errors. In previous cases we
found that by imposing strict physical constraints on the
measured diffraction patterns, the various experimental de-
terminations of the structure factor merged in a beautiful
agreement, much better than the original data. The same pro-
cedure, described below, has been applied in this case.

For a fixed thermodynamic point, each measured diffrac-
tion pattern~corresponding to a different scattering angle!
was first divided by the molecular termu(Q). The resulting
S(Q) was then cut on either side in the noisy regions. On the
low-Q side we have extrapolated the experimental function
with a constant behavior starting from the minimum around
Q510 nm21 ~cf. Fig. 3!. On the high-Q side, the function
S(Q)21 was set equal to 0 in the region beyond 60 nm21,
where the divergence due to the zero of the molecular form
factor made the experimental function extremely noisy. The
function so obtained was then Fourier transformed tor space
obtaining a trial radial distribution functiong(r ). This shows
unphysical oscillations at very lowr . However, just cutting
these oscillations does not help as this simple procedure in-
fluences the level and the amplitude of the back-transformed
S(Q)21. A much cleaner result is obtained if the resulting
g(r )21 is normalized in such a way to be consistent with
the experimental isothermal compressibility. In this case~the
normalization factor being 1.00 to within 2%!, a much better
agreement among the different spectra is recovered. As an
example, Fig. 4 shows the spread of the seven independent
determinations after the procedure for the first thermody-
namic point. In Fig. 5 we report both the final determination
of the intermolecularS(Q) ~averaged over the seven angles!
and its Fourier transformg(r ). The data are still relative to
the first thermodynamic point~cf. Table I!. In Fig. 6 we
report the final determinations of the intermolecular structure
factor ~center of mass! for the five measured points in the
compressed liquid deuterium close to the melting line. The
overall qualitative behavior appears quite similar. However,
a shift of the principal peak toward higherQ is apparent as
the density of the liquid increases.

The variation ofS(Q) with the thermodynamic state is
more clearly appreciated in Fig. 7, where the differences be-
tween the center-of-mass structure factor at the higher den-
sities and the one at the lowest density are plotted. These
have the expected behavior based on the results of the pre-
vious experiment on low pressure liquid deuterium~cf. Fig. 6
of Ref. @13#!. In fact, in the density and temperature range of
that experiment, the variation ofS(Q) due to the density
change at constant temperature is nearly an order of magni-
tude larger than that due to the temperature change at con-
stant density. Therefore, also in the present experiment, we
can expect the differences among the structure factor of the
various states to be very similar in shape to the density de-
rivative of S(Q) at constant temperature.

FIG. 4. The structure factor for the molecular center of mass of
liquid deuterium. Spread of the results at different scattering angles
after correcting the radial distribution function for systematic ef-
fects. The full dot represents the compressibility value. The data
refer to state 1 of Table I.

FIG. 5. Final determination of the structure factor~upper! and
the radial distribution function~lower! for state 1 of Table I. The
full dot in the upper graph represents the compressibility value.
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We repeat that the analysis of the data has been carried
out by imposing physical constraints on the behavior of the
center-of-mass radial distribution function. In particular,
g(r ) vanishes identically at sufficiently short distances, and
it reproduces the correct thermodynamic compressibility. We
point out that no inelasticity correction was applied in theQ
region considered here, apart from cutting the data below
Q510 nm21 and subtracting a constant background. While
this is rigorous for a monatomic ideal gas@13#, the extension
to a diatomic molecule cannot be considered more than a
useful working hypothesis. However, the imposition of the
physical constraints on the results should have reduced fur-
ther the effects of this problem. As far as the change ofS(Q)

with state point is concerned, the problem of the inelasticity
corrections is easily circumvented. Both the intramolecular
term of the cross section and the possible inelasticity correc-
tion should exhibit a weak dependence upon the thermody-
namic state. Moreover, the density variation spanned by the
present experiment is of the order of 10%. Therefore, we are
confident that both factors effectively cancel in a differential
analysis of the data.

V. CONCLUSIONS

The intermolecular~center of mass! structure factor of
liquid deuterium has been measured at five different thermo-
dynamic points in the vicinity of the freezing transition. The
points are within a pressure interval ranging from 48.5 to 467
bar, and a temperature interval between 20.7 and 29.0 K. The
density variation is about 10%, ranging between 26.47 and
29.03 nm23. The density of the liquid, in the highest pressure
conditions, is very close to the density of the solid phase at
the triple point~cf. Table I!. Therefore, a sensible variation
of the structure factor was expected. This is actually ob-
served in Fig. 6. In particular, the most striking effect that is
apparent from the figure is the shift of the first peak of the
S(Q), toward higherQ, as density increases. This behavior
is reported in Fig. 8.

The various experimental determinations have been ob-
tained at different temperatures. However, it is expected that
the peak position is rather insensitive to temperature varia-
tions. This is confirmed by the shape of the temperature de-
rivative ofS(Q) @18#. Therefore, Fig. 8 gives an almost iso-
thermal variation of the main peak position of the structure
factor versus density.

The determination of the structure factor in an extended
density range of the liquid phase is an important step in the
development of the theory of freezing. For example, it will
allow one to distinguish between a pure free-volume effect in

FIG. 6. Evolution ofS(Q) for deuterium as a function of the
thermodynamic state. Only error bars are shown. Density increases
from bottom to top~states 1 to 5 of Table I!. The curves are shifted
for clarity.

FIG. 7. Differences in theS(Q) taking the lowest density point
as a reference. Only error bars are shown. The differences increase
with the density.

FIG. 8. Density evolution of the position of the main peak of
S(Q) for liquid deuterium. Even if the points are relative to differ-
ent temperatures, the behavior is expected to be rather insensitive to
temperature variations.
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the isotropic phase and those produced by the long range
correlations existing in the crystal phase. We expect that the
present results will give new impulse to the theory of freez-
ing in quantum liquids.
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